Abstract. A finitely presented group is semistable if all proper rays in the Cayley 2-complex are properly homotopic. A long standing open question asks whether all finitely presented groups are semistable. In this article, we prove semistability of groups that are hyperbolic relative to polycyclic subgroups. Key tools in the proof are a result of MihalikSwenson on semistability of "atomic" relatively hyperbolic groups, a combination theorem of Mihalik-Tschantz, and a hierarchical accessibility theorem of Louder-Touikan. We analyze an example that illustrates why an understanding of hierarchies is necessary for the proof of semistability in this context.
Introduction
In geometric group theory it is often useful to characterize the shape of a noncompact space "near infinity." For example, concepts such as ends of spaces and groups, the fundamental group at infinity, and other shapetheoretic invariants of boundaries often provide key insights to the structure of infinite finitely generated groups. We refer the reader to the survey article [Gui16] for an informal introduction and to Geoghegan [Geo08] for a more thorough treatment of this end-theoretic study of groups.
Such a study frequently requires a detailed understanding of inverse limits of homology or homotopy groups. Inverse limits can be badly behaved with respect to standard constructions in homological algebra; for example the inverse limit of an exact sequence need not be exact. Informally, the cause of this bad behavior is that information contained in the inverse system can be lost when passing to the inverse limit. Semistability, also known as the Mittag-Leffler condition, is a property of inverse systems that precisely characterizes when no essential information is lost. semistable at infinity (see for example [Mih83] ). A finitely presented group G is semistable at infinity if any two proper rays inX converging to the same end are properly homotopic (whereX is the universal cover of any finite CW-complex X with π 1 (X) = G).
By [BM91, Swa96, Lev98, Bow99b] every one-ended hyperbolic group has a locally connected boundary. As observed by Geoghegan, it follows from work of Krasinkiewicz and Geoghegan-Krasinkiewicz [Kra77, GK91] that G is semistable at infinity (see for example [GS] for details).
After hyperbolic groups, it is natural to study semistability of relatively hyperbolic groups. Major progress towards this goal was obtained by MihalikSwenson [MS] , who proved that atomic relatively hyperbolic groups are semistable at infinity. A relatively hyperbolic group (G, P) is atomic if G is oneended, every peripheral subgroup P ∈ P is one-ended, and G does not split over a parabolic subgroup. A subgroup Q is parabolic if Q ≤ P for some peripheral subgroup P ∈ P. We refer the reader to Section 2 for more details about relatively hyperbolic groups.
The atomic groups are in a sense the simplest possible type of relatively hyperbolic group. A study of hierarchies of relatively hyperbolic groups is necessary to understand the general case. Recent work of Louder-Touikan [LT17] provides such an understanding for splittings over slender groups. For technical reasons the results of Louder-Touikan only apply under the assumption that the group has no non-central element of order two.
In this paper we extend Mihalik-Swenson's theorem to conclude semistability of all relatively hyperbolic groups, provided that the peripheral subgroups are slender and coherent. A group is slender if all of its subgroups are finitely generated, and it is coherent if all finitely generated subgroups are finitely presented. Theorem 1.1. Let (G, P) be relatively hyperbolic with no non-central element of order two. Assume each peripheral subgroup P ∈ P is slender and coherent and all subgroups of P are semistable. Then G is semistable.
The only slender, coherent groups that the authors are aware of are the virtually polycyclic groups. Since virtually polycyclic groups are known to be semistable by [Mih83] (and all of their subgroups are again virtually polycyclic) the following corollary is immediate. Corollary 1.2. Let (G, P) be relatively hyperbolic with no non-central element of order two. If each P ∈ P is virtually polycyclic, then G is semistable.
The following was stated in an early version of [HR] , but the proof was incorrect. The result is now an immediate consequence of the preceding result.
Corollary 1.3. Let G act geometrically on a CAT(0) space X with isolated flats such that G has no non-central element of order two. Then G is semistable.
The earlier proof was incorrect because we had incorrectly assumed that hierarchies consisting only of peripheral splittings could have at most one level. In Section 2 we discuss examples of CAT(0) groups with isolated flats in which arbitrarily deep hierarchies of peripheral splittings exist. These examples can also be constructed as cyclic hierarchies of limit groups.
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Relatively hyperbolic groups and their splittings
Definition 2.1 (Relatively hyperbolic groups). A graph K is fine if for each n, each edge e is contained in only finitely many embedded circuits of length n. Suppose G acts on a δ-hyperbolic graph K with finite edge stabilizers and finitely many orbits of edges. If K is fine, and P is a set of representatives for the finitely many conjugacy classes of infinite vertex stabilizers then (G, P) is relatively hyperbolic. The subgroups P ∈ P are peripheral subgroups of (G, P).
A subgroup H ≤ G is parabolic if H ≤ gP g −1 for some peripheral subgroup P ∈ P and some g ∈ G. A subgroup is elementary if it is either finite, 2-ended, or parabolic.
By the Tits Alternative every non-elementary subgroup of a relatively hyperbolic group contains a copy of the free group of rank two. Since slender groups do not contain F 2 , all slender subgroups of a relatively hyperbolic group must be elementary.
In order to prove the main theorem, we need a technique that allows us to reduce from the general case to the atomic case. Recall that (G, P) is atomic if G and all peripheral subgroups P are one-ended, and G does not split over any parabolic subgroup.
A key tool in understanding parabolic splittings is the following accessibility theorem for splittings of one-ended relatively hyperbolic groups over parabolic subgroups due to Bowditch [Bow01] (see also [GL17, Sec. 3 
.8]).
Theorem 2.2 (Bowditch Accessibility). Let (G, P) be relatively hyperbolic.
Suppose G is one-ended. Then G splits over parabolic subgroups relative to P as a finite graph of groups G(G) with the following properties. Each vertex group H inherits a natural relatively hyperbolic structure (H, Q) such that H does not split over a finite or parabolic subgroup relative to Q.
The splitting given by Bowditch's Accessibility Theorem is unique in the sense that if G (G) is any other splitting satisfying the same properties, then there exist G-equivariant maps in both directions between their Bass-Serre trees. (These maps are not required to be inverses and do not even need to be graph isomorphisms.) This notion of equivalence is studied by GuirardelLevitt in [GL17] .
The accessibility theorem is especially useful when used along with the following combination theorem for semistability.
Theorem 2.3 ([MT92], Mihalik-Tschantz Combination Theorem).
Let H split as a finite graph of groups G(H). Assume all vertex groups are finitely presented and all edge groups are finitely generated. If all vertex groups are semistable at infinity, then so is H.
The two previous theorems taken together suggest a strategy for proving Theorem 1.1. Namely split G into pieces using Bowditch's Accessibility Theorem, conclude semistability of the pieces by Mihalik-Swenson, and then put the pieces back together using the Mihalik-Tschantz Combination Theorem to conclude that G is semistable at infinity.
The biggest problem with the suggested outline above is that the vertex groups given by the Accessibility Theorem might not be atomic. Notice that in Theorem 2.2 we specifically do not conclude that H has no splitting over a parabolic subgroup, but instead we only get the weaker conclusion that there is no such splitting "relative to Q." A splitting of a group H corresponding to an action of H on a tree T is relative to a family of subgroups Q if each Q ∈ Q stabilizes a vertex of the tree T .
In some situations, we are able to conclude that the vertex groups H are atomic. For example if every vertex group in the splitting of Theorem 2.2 has only one-ended peripheral subgroups then those vertex groups are all atomic by a result of Bowditch [Bow01, Prop. 5.2]. In this case, no further proof would be needed.
The following examples show that the vertex groups given by Bowditch's Accessibility Theorem do not need to be atomic in general. The examples below are limit groups in the sense of Sela, whose relatively hyperbolic structure was illuminated by work of Dahmani [Dah03] and Alibegović [Ali05] . In the construction, we rely on a combination theorem of Dahmani, which can be considered as a converse to Bowditch's Accessibility theorem.
Example 2.4 (Not atomic). Let G 0 be the fundamental group of a torus with one boundary component. Then G 0 is a free group of rank two with generators a and b. As a hyperbolic group, G 0 is naturally relatively hyperbolic with respect to the empty collection of subgroups P 0 . By Dahmani [Dah03, Lemma 4.4], a non-parabolic infinite cyclic subgroup that is equal to its own normalizer in (G 0 , P 0 ) can be added to the peripheral structure. In particular, we observe that G 0 is hyperbolic relative to Q 0 = [a, b] .
Let P 0 be the free abelian group of rank two with presentation x, y [x, y] = 1 . We consider the amalgamated product G 1 = G 0 * [a,b]=x P 0 , which is the fundamental group of the 2-complex X 1 formed by gluing the torus with boundary to a closed torus along loops corresponding to the given elements. We note that G 1 is relatively hyperbolic with respect to P 1 = {P 0 } by [Dah03] .
Observe that the given splitting of G 1 is the "maximal" peripheral splitting given by Theorem 2.2. Indeed, according to Bowditch [Bow01] , if a peripheral splitting has vertex groups whose limit sets have no cut point, then that splitting is the maximal peripheral splitting given by Theorem 2.2. Observe that the vertex groups G 0 and P 0 each have limit set with no cut point: the limit set of the parabolic group is a single point, and the limit set of G 0 is a circle. Therefore the given splitting is maximal.
Clearly G 0 is not atomic with respect to Q 0 , because the peripheral subgroup is infinite cyclic, i.e., not 1-ended. However G 0 is also hyperbolic relative to the smaller collection P 0 , which is empty in this case. Even with this simplified peripheral structure, (G 0 , P 0 ) is still not atomic, since G 0 is a multi-ended group.
Of course in the previous example, we could have concluded that G 0 was not atomic right from the beginning. However the process of removing 2-ended peripheral subgroups will be essential to the following more elaborate example, which is built upon the group G 1 from Example 2.4.
Example 2.5 (Necklaces and earrings). As in the previous example the peripheral structure on (G 1 , P 1 ) can be augmented by adding the non-parabolic infinite cyclic subgroup ay , so that G 1 is hyperbolic relative to Q 1 = P 0 , ay . Let P 1 be the free abelian group z, w [z, w] = 1 . We form a second amalgamation G 2 as G 1 * ay=z P 1 , which is the fundamental group of the 2-complex X 2 formed by gluing X 1 to a closed torus along the loop corresponding to the element ay in X 1 . By Dahmani's Combination Theorem, the amalgam G 2 is hyperbolic relative to P 2 = {P 0 , P 1 }.
Claim: The splitting of G 2 given above is equivalent to the maximal peripheral splitting of Bowditch. In other words (G 1 , Q 1 ) has no peripheral splitting relative to Q 1 . We prove this by showing its Bowditch boundary ∂(G 1 , Q 1 ) is connected and has no global cut point.
As before (G 1 , Q 1 ) is not atomic because Q 1 contains a 2-ended peripehral subgroup. Even if we remove it to get the minimal peripheral structure (G 1 , P 1 ) it is still not atomic due to the splitting in Example 2.4.
To prove the claim, we first observe that by Dahmani [Dah03] the boundary ∂(G 1 , Q 1 ) is a quotient of the boundary ∂(G 1 , P 1 ) formed by pinching together pairs of points that are limit sets of conjugates of the cyclic subgroup ay . Let π : ∂(G 1 , P 1 ) → ∂(G 1 , Q 1 ) be the natural quotient map.
We begin by describing the two Bowditch boundaries in more detail. The boundary ∂(G 1 , P 1 ) is a tree of circles-whose underlying tree is the BassSerre tree T 1 for G 1 -compactified by adding one ideal point for each end of the tree T 1 as explained in [Bow01] and illustrated in Figure 1 . The cut points of this tree of circles are the parabolic points, at each of which a countable family of circles has been attached. The element ay acts on T 1 with an axis whose endpoints in ∂T 1 correspond to a pair of ideal points in the tree of circles. The pinching map π identifies this pair to a single point (and does the same to each of its G 1 -translates).
We will show that the pinched boundary ∂(G 1 , Q 1 ) contains no cut points because a non-cut point cannot become a cut point after pinching, and a cut point always becomes a non-cut point. More precisely, ∂(G 1 , Q 1 ) contains three types of points: points with two preimages under π, points with a single preimage that is a non-cut point, and points with a single preimage that is a cut point.
The easiest case is a point r with a single preimage that is not a cut point of ∂(G 1 , P 1 ). Such a point r could never be a cut point because connectedness pushes forward under π. The second easiest case are the points q with a pair of ideal preimages q 0 and q 1 in ∂(G 1 , P 1 ). As explained in [Hau, Corollary 3 .2] an ideal point can never be a local cut point. In particular it can neither be a global cut point nor one point of a cut pair. Thus {q 0 , q 1 } does not disconnect the tree of circles ∂(G 1 , P 1 ). It follows that q also does not disconnect the pinched boundary ∂(G 1 , Q 1 ).
The only remaining case is a point p in the pinched boundary ∂(G 1 , Q 1 ) whose preimage in the tree of circles ∂(G 1 , P 1 ) is a cut point. Such a point p must be parabolic. Due to equivariance, it suffices to consider the parabolic fixed point p of the group P 0 . In order to handle this remaining case we need to look more carefully at how the elements y and ay act on the tree of circles and its pinched quotient, as illustrated in Figure 2 .
In the universal cover of X 1 , each copy of the universal cover of the torus is a Euclidean plane, and each copy of the universal cover of the hyperbolic surface is a truncated hyperbolic plane. In the Euclidean plane is a family of parallel lines indexed by integers such that each line projects to the loop x and adjacent lines differ by a deck transformation corresponding to y. Each truncated hyperbolic plane is bounded by a family of horocycles, each stabilized by a conjugate of [a, b] . The deck transformation corresponding to a stabilizes a truncated hyperbolic plane and moves each bounding horocyle to a different one. The Euclidean planes and truncated hyperbolic planes are glued along these lines and horocycles in the pattern of the Bass-Serre tree. The Euclidean plane is adjacent to a countable bi-infinite sequence of truncated hyperbolic planes, which are shifted by the cyclic action of y.
The corresponding boundary action of y shifts the sequence of circles in a Hawaiian earring with vertex p. Two circles in this earring are adjacent if they differ by y. We will show that in the pinched boundary, any two adjacent circles at p are in the same component of the complement of p. It follows that p is not a global cut point of the pinched boundary, since all branches of the unpinched tree of circles map into a single component of the pinched boundary.
The deck transformation ay has an axis that passes through an infinite sequence of alternating Euclidean and hyperbolic planes and acts by shifting this sequence. The limit set of this sequence is an infinite chain of circles glued end-to-end and indexed by integers, together with two ideal points q 0 and q 1 that compactify the two ends of the chain. The action of ay on this chain of circles is a shift map that stabilizes q 0 and q 1 . This pair {q 0 , q 1 } is the limit set of the cyclic group ay . The quotient map π identifies q 0 and q 1 to a single point q (and does the same equivariantly to each of its G 1 -translates). In the unpinched boundary π −1 (p) disconnects the chain, but in the pinched boundary p does not because the ends are connected at the point q.
Iterated graphs of groups lead to the notion of hierarchies of splittings. For example by repeating the above construction, we could produce groups whose peripheral splitting hierarchies have arbitrarily large finite depth. The hierarchies produced here are not new, but arise naturally as cyclic hierarchies of limit groups.
This means that in general it is necessary to examine hierarchies instead of just a single splitting to fully understand semistability of relatively hyperbolic groups, even in the case of CAT(0) groups with isolated flats. The necessary background on hierarchies is explained in the following section.
Hierarchies
Definition 3.1. A hierarchy H(G) of a group G is a rooted tree of groups with G at the root such that the descendants of a group H ∈ H(G) are the vertex groups of a nontrivial graph of groups decomposition G(H) of H. A group H ∈ H(G) is terminal if H has no descendants. A hierarchy is slender if each of its graphs of groups G(H) has only slender edge groups. A hierarchy is finite if the underlying rooted tree is finite.
An obvious corollary to the Mihalik-Tschantz Combination Theorem is the following Hierarchy Combination Theorem.
Corollary 3.2. Suppose G admits a finite hierarchy with all vertex groups finitely presented and all edge groups finitely generated. If all terminal vertex groups are semistable at infinity then so is G.
The preceding corollary requires knowledge of the finiteness properties of every vertex group in the hierarchy. In some cases the following more restrictive result may be easier to apply, since it only requires knowledge of the edge groups.
Corollary 3.3. Suppose G is finitely presented and admits a finite hierarchy with finitely presented edge groups. If all terminal vertex groups are semistable at infinity, then so is G.
Proof. If H is finitely presented and splits as a graph of groups G(H) with finitely presented edge groups then every vertex group of G(H) is finitely presented (see for example Lemma 1.1 of [Bow99a] ). The group G is finitely presented by hypothesis. By induction on the levels of the hierarchy, it follows that each vertex group in the hierarchy is finitely presented. By Corollary 3.2, we are done.
Theorem 3.4 ([LT17], Cor. 2.7). Suppose (G, P) is relatively hyperbolic and G is finitely generated with no non-central element of order two. Then there exists a finite hierarchy H(G) with the following properties. Every edge group is slender and elementary in (G, P). Every terminal vertex group H has a relatively hyperbolic structure (H, Q) such that each Q ∈ Q is infinite but not two-ended and H has no nontrivial splittings over slender subgroups relative to Q. Furthermore each Q is parabolic in the original peripheral structure (G, P).
Proof of Theorem 1.1. Since all slender subgroups are elementary, the hierarchy of G given by Theorem 3.4 must involve only elementary edge groupsi.e., finite, two-ended, or parabolic. By hypothesis, all parabolic subgroups are finitely presented. Thus all edge groups of the hierarchy are finitely presented. Since each P ∈ P is finitely presented, G is as well, by [Osi06] .
In order to apply Corollary 3.3 we will show that all terminal vertex groups H are atomic with respect to the peripheral structure (H, Q) given by Theorem 3.4, and then apply the main result of Mihalik-Swenson [MS] .
The hierarchy terminates with relatively hyperbolic groups (H, Q) such that each Q ∈ Q is infinite but not two-ended and each is a subgroup of a P ∈ P. By hypothesis all parabolic subgroups of (G, P) are slender and coherent, therefore so are the parabolic subgroups of (H, Q). Note that an infinite group Q that is slender and coherent and not two-ended must be one-ended. Thus each Q ∈ Q is one-ended.
Additionally the terminal vertex groups (H, Q) admit no slender splittings relative to Q. By hypothesis all elementary subgroups are slender, so H admits no elementary splitting relative to Q. In particular, H does not split over a finite group relative to Q and each Q ∈ Q is one-ended, i.e. does not split over any finite group. It follows that H itself must be one-ended, since any nontrivial splitting of H over a finite group would induce a nontrivial splitting of some Q, which is impossible.
Furthermore (H, Q) does not admit a nontrivial splitting over a parabolic subgroup relative to Q. Since each Q is one-ended, it follows from [Bow01, Prop. 5.2] that H does not have any splitting over a parabolic subgroup. Therefore the hierarchy terminates with atomic relatively hyperbolic groups. By [MS] , these are semistable. Thus Corollary 3.3 completes the proof.
